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The ingredients of gauge theory: the example of electrodynamics

Phenomenological Maxwell:

L =2FAxF+jAA

~ dH=j, H:=0%L/0F = +F

redundancy A - A" = A +dy

conserved external current j




The ingredients of gauge theory: the example of electrodynamics
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Complete, gauge-theoretical description:

L =2FAxF+ 1 [WOy) A (d+ieA)V = (d—ieA)W A ()W ] +im « WV

= local U(1) invariance {V — W, ¥ —» e @)Y A - A+ da(x)}
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Curvature tensors

1 | |
R = §Rij“,,dx' ANdx @w,” Riemann curvature tensor
T = §T;j dx A dx ® e, Cartan’s torsion tensor
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Curvature tensors

1 | |
R = §Rij“,,dx' ANdx @w,” rotational curvature
1 . i .
T = §T;j dx A dx ® e, translational curvature

A Riemann—Cartan geometry U, is a four-dimensional manifold, whose torsion tensor and curvature tensor satisfy

Vi, ViIf = T{V.f, [V, Vj]VK = Rj*,V? — T2V, V-

The first Bianchi identity DT# = R*, A 9% links dynamical properties of torsion to algebraic properties of curvature.

— In the presence of non-vanishing torsion, the curvature tensor has different algebraic properties. Analyze this.



Young decomposition of a general rank-p tensor

Based on Schur—Weyl duality that links representations of S,, and GL(4, R), see literature.

N N
T/il---ﬂp — @ [J]T“1'--Np — @ [J]IP/Ojil(jg Tal---arﬂ [J]]Pal ap ‘= Z]Pal o YJ)
J=1 J=1
!
fl .= it ,  hook(x) := (“boxes to the right” — “boxes below”) (x) + 1.
ey hook(x)

Here, Y7 is the J-th allowed Young diagram, and Y} is the k-th Young tableaux of the Young diagram Y.

Lastly, ]Pfﬁfffﬁ;’ (Yﬁ) denotes the Young symmetrizer associated with a certain Young tableaux.
N

This decomposition is block diagonal in the sense that T .., T+ e = JGB [J]Tm...up i WERE
—1

— Let us apply this to the Riemann tensor of a Uy geometry with curvature and torsion!



Young decomposition of the Riemann curvature tensor (1/2)

Symmetries of the Riemann tensor: +#
= double 2-form:  Ruups = —Ruupe = —Ruvep (algebraic curvature tensor) 36
= Bianchi identity R¥[,,,1=0 (if torsion vanishes) 16
= implications: Ruvpo = Roouvs Rpuwpe; =0 (if torsion vanishes) 15 + 1

Young decomposition of the Riemann tensor (6 x6 =36 =200 15®1):

& = D >
1 1
Ruvpe = 2 (RWPG + Rpopr) D 5 (R/wpa - RPUW) - R[/WPU] D R[/WPU]
- _/ N— 7
Y s
Weyl tensor “paircom” tensor pseudoscalar
symmetric tracefree Ricci tensor antisymmetric Ricci tensor

Ricci scalar



Young decomposition of the Riemann curvature tensor (2/2)

uv po
[1] Ruvpo > (4) Ruvpo
(6)RWW

2
Ruvpo ~ PIRupo < ESiiWW
uv po
3] R po . (3)RWW

GL(4, R) SO(1,3)

“Young decomposition” “lrreducible decomposition”



An algebraic superenergy tensor in Poincaré gauge theory of gravity (1/3)

The Bel tensor can be defined in terms of the duals of the Riemann tensor:

1 (8 (8% (6% (8%
Biups = E(RuaﬁpRV Ba + (*Rx) papp (xR*) , 50 + (*R) papp (*R) » Ba + (R*) papp (R¥) o Ba)

The Young decomposition is

X — % D ’

1 1
Biupe = B(Wpa) 82 ) (BMVPU — BPU,W/) D 6 [2 (B/wpa + Bpa/ﬂ/) — (Bupva + wap) - (BWVP + BVP,W) }

In General Relativity, the Bel-Robinson tensor is constructed analogously from the Weyl tensor. It is also related to

superenergy: a positive definite quantity for a timelike observer. How to generalize to Poincaré gauge theory?

— Introduce Bel trace tensor B, := B“,,, and subtract traces to define an algebraic Bel-Robinson tensor.



An algebraic superenergy tensor in Poincaré gauge theory of gravity (2/3)

Explicit form of the decomposition of the Bel tensor:

1
(1b) B,uypa : 12 (gw/Bpa gpaB,ul/ + g/,cpgl/a + gl/ag,up + g,uagyp + gypB,ua) )

1

(lopg

pvpo = 36 B (80800 + 8up8uo + BuoBup) -

(1a) B/u/pa = 1] B/wpo ~ (16) BMVPU - (1) B“”pa’

1

2b .
( )B/wpa ~ 5 (gupB[uo] + 8upBluo] + 8uoBlup] + gWB[up]) )
COB e = PIB g = VB,
1
(30) Buvpo = 6 (gupgua + 8o Bup + EuoBup + 8upB o — 2808 po 2gpr,W) )
. 1
(3 )BWPU " 36 36° (gupgw t 8uoc8up ~ 2gWgP‘7) ’
(3a) B,uypa . [3] B,ul/pa _ (3b) B,ul/pa _ (3c) B,uypa-



An algebraic superenergy tensor in Poincaré gauge theory of gravity (3/3)

The following is our final result:

(1a) B/ng — [1] B,Lu/pa __(1b B,uupa _ (1c B,uypoa
1
(10) Buvpo = 12 (g/pra + gpagm/ + gupgua + gl/GE pp + gHGEVP + g’/PB(“U) L
. 1
= %B (8108po + BuupBuro T BuoBup)

o 1
B/u/ =B oy —- E/U/ D B[,uy] D ZBg,ul/a
B = PRuap, @R, — g (2Ric(ua)Ricp ) + RiC o RIC )

1
+ = 28 (2Rlc[a5]R1C —|—P(1/a51%1/0‘5)
1 1 (0]
Bl = 5 RRicp,,) + 2)(77“,,@5R10
3) Li_Log  @Rosyw op | Lp2 12
B“”:Z 5 Ragys <R 4 RiC o g RAC +R 72X ) 8



Some remarks on the Bel trace tensor

The Bel trace tensor lists how different curvature ingredients contribute to traces:

= In General Relativity, Ric,, =0 implies B,,, = 0.
= |n other theories (different Lagrangian, different geometry with torsion, ...),
the vacuum field equations may impose other constraints on the curvature.
= Only the Weyl tensor does not appear in the Bel trace tensor. This is because it is

traceless, (1)RO‘W5 =0, and it also satisfies (1)R“[Vpa] =0.

Conclusions

The Bel trace tensor allows us to define a tensor that has the same algebraic properties as the Bel-Robinson tensor.

Further work needs to be done:

= Would a spinorial treatment give rise to a deeper algebraic understanding?
= What about differential properties of the algebraic Bel-Robinson tensor?

Thank you for your attention.



Outlook: further decompositions in four dimensions

(DR

BR YR

SO(1,3)

GL(4,R)

V, geometry with vanishing torsion.

+
T
x? = —1
RAY=DT T
u? = —1
VW

SO(1,3)
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