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Abstract

Gravitational waves are the emergent medium to probe our understanding of gravity, with increas-
ing relevance in the age of gravitational wave astronomy. Current experiments (LIGO/Virgo/Kagra)
are sensitive to gravitational waves stemming from the collision of stellar-mass black holes of
roughly comparable masses. While an excellent probe for gravity in the strong-field regime, an-
alytical treatments are extremely difficult to perform and in practice one resorts to numerical
relativity. However, future experiments, like the Laser Interferometer Space Antenna (LISA), will
be sensitive to the gravitational waves stemming from the collision of small, stellar mass black
holes with giant, supermassive black holes. In such “extreme-mass ratio inspirals” (for short: EM-
RIs) it is possible to perform perturbative computations, since the large mass ratio allows one
to approximate the small orbiting black hole as a point particle. The goal of this course is to
understand how a fundamental model of gravity (say, general relativity) can be used to estimate
the shape of the gravitational waves stemming from such an EMRI, using perturbative and largely
analytical techniques. To that end, we will develop a simple MATHEMATICA sheet that will gener-
ate such a gravitational wave pattern (to zeroth order, with necessary simplifications in resolution
and accuracy). In a second step, we will consider a modified version of gravity, and explore how
this qualitatively changes the gravitational wave pattern.
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Chapter 0O
Overview and motivation

We live in a fascinating time: gravitational waves, measured by terrestrial experiments, have
indirectly confirmed the existence of astrophysical black holes. Moreover, interferometric imaging
techniques have managed to capture snapshots of supermassive black holes. Due to their strong
gravitational fields, black holes present a unique opportunity to put general relativity to the test.

Is it really the “only game in town” or can there be subtle deviations?

The development of strong gravity tests is often performed with tools of numerical relativity,
capable of describing the dynamics of neutron stars or the time-resolved merger of black holes.
Analytical methods have not (yet?) been that successful. Unfortunately, gravitational waves in the
100Hz-range, as they are detectable by terrestrial experiments, are generated primarily by merging
stellar-size black holes—the regime of numerical relativity. Lower-frequency gravitational waves
in the millihertz domain, will be detectable by the Laser Interferometer Space Antenna (LISA)
experiment. Fortunately for us, a predominant source for such gravitational radiation stems from
the slow, often week-long inspiral of small, stellar-mass black holes, into a central, supermassive
primary black hole. The upshot: the large separation in masses (often, the smaller black hole is
100-10,000 times less massive) allows for a perturbative description of that process. The goal of
this lecture is simple: let us try to understand how we can perturbatively describe such an extreme

mass ratio inspiral (EMRI) event, and how we can extract the gravitational wave signatures.

This research area has been developed for a long time, and we will not be able to perform cutting
edge calculations to the best known precision. However, with relative ease, we will be able to
extract leading order effects for non-rotating black holes. (Realistically, astrophysical black holes
are always rotating; and while this does not immediately present an analytic intractability, it
would significantly increase the complexity of equations.) For this reason we will focus on an

approach described neatly in Babak et al. [1], adapted to the non-rotating case. I encourage you



to have a look at this article, since it contains an excellent introduction into the topic and a very
clear description of all steps involved. If you are interested in details of hands-on contemporary
calculations, I refer you to Alexandra Hanselman’s S.B. thesis [2] that covers many technical

aspects from a self-contained, introductory perspective.

0.1 Main idea: how to generate EMRI waveforms

Before we delve into all the details (and may get lost in some formulae), I wanted to briefly
describe the main steps necessary to generate gravitational wave waveforms for EMRIs. Here is a

step-by-step list:

(i) Obtain the bound orbits.

We consider a test particle in a bound orbit around a black hole, and we find the equations

that govern its motion. Since we are interested in observation of that motion, we rephrase

everything in terms of the time coordinate ¢ of a distant observer.

(ii) Calculate the gravitational wave radiation.

Using an approximation, we estimate the energy and angular momentum radiated away via
gravitational waves. We will utilize linearized gravity for this, and for slow-moving sources

it is moreover sufficient to utilize the quadrupole formula instead of the Press formula.

(iii) Obtain inspiral orbit.

In an adiabatic approximation, we elevate the orbiting particle’s energy and angular momen-
tum to time-dependent functions, taking into consideration the loss of energy and angular

momentum due to gravitational waves. This decrease leads to a decaying orbit.

(iv) Compute gravitational wave signal.

With the inspiral orbit available, we consider a motion of a particle in flat spacetime following
this curve, and extract the gravitational wave signal from this, again utilizing linearized

gravity.

(v) Rinse an repeat.

We can now repeat this for different initial particle parameters, and generalize these methods
to other geometries. Moreover, we can refine the analysis by taking into account subleading

effects, such as black hole rotation, spin-curvature coupling, self forces, and more.

And that’s it. Conceptually, it is surprisingly simple, but keep in mind that this is largely due to
the fact that the large mass ratio allows us to make these simplifications. Eventually, when the
orbiting particle gets too close to the primary black hole, our approximations break down and we

would have to resort to numerical relativity to properly capture the black hole merger.



0.2 Organization of this lecture

Since not everybody has the same background in general relativity, I decided to add Chapter 1 that
summarizes the main results relevant for this lecture. Needless to say, it is far from a self-contained
introduction into general relativity (and slightly beyond), but I hope it can serve as a good first

point of reference.

After the introduction, in Chapter 2 we will start talking about the spherically symmetric black
hole solution of general relativity, the so-called Schwarzschild solution. We will discuss its sym-
metries with a particular focus on how we can use them to construct conserved quantities for
particle motion, since that will greatly simplify the discussion of particle orbits. We will use some
MATHEMATICA notebooks (available on the course website) to help us along with computations

and some simple numerics.

With stable particle orbits under control, in Chapter 3 we will next briefly revisit the notion of
linearized gravity, wherein it is rather straightforward to describe gravitational waves emanating
from isolated gravitational systems (such as the black hole-black hole binary system formed from
a supermassive black hole and a stellar mass black hole that we will discuss later). Here we will
again be brief, but I will make sure that the main results (linearized field equation and quadrupole
formula) are derived rigorously enough that any interested students can fill in the gaps at home.
(If not, please contact me via email or send me an anonymous question (password: EMRI), and I

will be happy to help as best as I can.

In the next step, in Chapter 4, we will combine the results: using the quadrupole formula, we
will estimate how much energy and angular momentum is radiated away from the system, and
compute its leading order effect on the particle orbit. Under influence of this backreaction, the
orbit will then become an inspiral orbit. Taking that as an input, using the formulas from the
previous chapter we will finally see an EMRI waveform. Again, tailored MATHEMATICA notebooks
will help us with that.

Last, one of the goals of this lecture is to motivate how we can use EMRI waveforms to search for
new physics. To see how this is, in principle, possible, we will consider a spherically symmetric
black hole that carries a small dark charge, formally equivalent to the Reissner—Nordstrom black
hole. After changing the metric wherever necessary, we will track how this extra term changes

both the inspiral as well as the EMRI waveform.

Ultimately, I hope that this lecture will be interesting not just for gravitational physicists, but also
get the general idea across to a broader audience: gravitational waves have come to stay, and it is

time we learn how to use them to help us making discoveries in fundamental physics.


http://www.spintwo.net/Courses/EMRI-101/
http://www.spintwo.net/Contact/
http://www.spintwo.net/Courses/Questions/

Chapter 1
Basics of general relativity and beyond

These lecture notes are by no means supposed to replace a proper introduction into the basic
aspects of general relativity, but in this chapter we will review a few basic concepts that are
most helpful for the topic of extreme mass ratio inspirals and their gravitational wave signature.
Those topics include the metric, the notion of symmetries of metrics (called isometries), taking
derivatives in a coordinate-invariant manner (via the covariant derivative), the motion of test
particles in spacetime geometries on geodesics, as well as conserved quantities for such particle
motion in the presence of symmetries, which corresponds to a manifestation of Noether’s theorem

in the context of gravity.

Our conventions are (—,+, +, +) metric signature, and we will use units where the speed of light

is set to unity, ¢ = 1. This means that GM, where M is a mass, has dimensions of length.

1.1 The metric

Before we talk about the metric, let us fix some coordinates. We denote them by z#. In the context
of these lecture notes, we will almost exclusively work in spherical coordinates, z* = {t,r,6, ¢},
but the whole point of general relativity is that it does not matter what coordinates you use—the
final, physical results will not depend on that choice. When we want to evaluate tensor components
(more on that below) we set indices to coordinate names, for example p =t or g = r. (In some
literature, we instead find 4 = 0 or u = 1, that is, numerical notation, and then we have to
remember that 2° = ¢ and z' = r and so on. By using the coordinate names for the components

we can avoid that sort of confusion.)

In general, a tensor is an object with p upper indices, and ¢ lower indices that transforms homoge-

neously under coordinate transformations. We say that such a tensor 7% 7, , is of rank (p, q).



The spacetime metric, an important tensor for us in this lecture, is a rank-(0,2) tensor (meaning
that it has two lower indices) that we will denote by g¢,,, and it is the fundamental variable in

general relativity. The nverse metric is denoted by ¢g"” and it is related to the metric via
glwégozu = 5’;7 (1)

where 6% is the Kronecker symbol (equal to 1 if y = v and 0 otherwise). In practice, we often

denote the metric indirectly via the so-called line element,
ds® = g, da"da” . (2)

This has the advantage that we can read off both the metric components and the coordinates being

used. For example, the line element of flat spacetime expressed in spherical coordinates is
ds? = —dt? + dr? + r2df? + r*sin? 0 dy?, (3)
and we can read off
ge=-1, gw=1, gew=1r", gpp=r"sin’0. (4)
The components of the inverse metric are then obtained simply by matrix inversion, which is

particularly simple for this diagonal metric:

1
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Sometimes we also find the following notation for the inverse line element in the literature:
P = g"d,o0,. (6)

where the 0, is a shorthand notation for 9/0z*. In the example case from above, we have the
inverse line element
02 = -0} + 0 + Lo + L (7)
st 270 T agin2g e
Why did we bother with all of this? One really important task is to successfully switch between

different coordinate systems. Given an old coordinate system z* and a new coordinate system 3",

we can compute the Jacobian and the inverse Jacobian,

o oy
oyv’ oxv

(8)



And a rank-(p, ¢) tensor transforms “homogeneously,” by which we mean

oy oyt 0z Oz
Oxer " Oz Oyt T Qyra
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That’s a lot of indices! Thankfully, we almost never have to do these types of manipulations.
For example, in the case of the metric, while you are of course free to use the above formula for
transformations, it is easier to just use the expression for ds? and apply the chain rule, and then
read off the new components. For example, let us switch from spherical coordinates to cylindrical

coordinates y* = {t, z, p, v}, with the identifications p = rsinf and z = r cos 6, we find
dp =sinfdr 4+ rcosfdf, dz = cosfdr —rsinfdd, (10)
or, equivalently,
dr = cosfdz +sinfdp, df = % (cosfdp — sinfdz) . (11)
We can now insert this directly into our metric,
ds? = —dt? + dr? + r2d6? + r*sin® 0dy? (12)
and after utilizing sin? @ + cos? # = 1 we arrive at
ds? = —dt? + d2? + dp® + p*dy?. (13)

Immediately we can read off, for example, that g,, = 1 and that now g,, = p®. I find this
method of coordinate-transforming a metric much easier than utilizing the more cumbersome (but

equivalent) Jacobian method of Eq. (9).

Another important object are vector fields. We write them in a coordinate-invariant way as
V=V*"0,. (14)

Here, 0, is the coordinate basis, and it makes an appearance similar to the relation for the inverse
metric ¢g"” in Eq. (7). This notation is a bit confusing if you are seeing it for the first time, but it is
really nice since it allows us to transform between coordinates very easily. Say we have the vector

field V' = 0, (that is, a unit vector in the radial direction) and we again transform to cylindrical



coordinates. Here is how we do it (hint, hint: chain rule):

8_6z£ 8p2

“or oro: T orop
—Zo.+L0=—F 0 + L
T T

0
Va2 2’

We see these kind of transformations all the time, and I encourage you to do an example yourself.

=cosf 0, +sinf o,
(15)

If you take the vector U = 0y, for example, how does it look like in cylindrical or Cartesian
coordinates? [Do it! @ |

1.2 Isometries

The metric is the main protagonist in general relativity. And, already at this point, we can
introduce concepts that will become very useful: Killing vectors, Lie derivatives, and isometries.
Note that the covariant derivative, which we will talk about in the next section, is not needed
for any of this discussion. Loosely speaking, an isometry of the metric means that there exists
a coordinate direction in which the metric does not change. Let us parametrize this coordinate
direction by a vector field £#. Then, the precise statement of an isometry of the metric in the

direction of that vector field is
'Cﬁg;w =0. (16)

We say: the Lie derivative of the metric vanishes along the vector field . Here, the Lie derivative
L is a type of derivative that can be defined for any tensors—all you need is a vector field £# along

which you differentiate. For a (1,1)-tensor T*, the Lie derivative is defined as
LT, = E4(0,T",) — (0.8")T%, + (0,6*)TH,, . (17)

Importantly, the Lie derivative of a tensor is also a tensor. The first term is always there; the
second term, with a minus sign, takes care of the upper index; and the third term, with the plus
sign, takes care of the lower index. If you want to differentiate an object with more than one
upper index or lower index, then more of these terms have to be added (one for each index). For

example, for the metric, which is a (0,2)-tensor, we write

'Cfg;w = ga(aagw/) + (8M§“)gw + <8u€a)gua . (18)



To understand why a vanishing Lie derivative can be interpreted as an isometry, imagine for now
that the metric does not depend on a certain coordinate z. Then we can define the vector field
o=, (19)

which is zero in all directions except for in the z-direction. Inserting this into Eq. (18) and setting

it to zero we find the relation

0
E&.g;w = &guu =0, (20)

which literally means that the metric does not depend on the coordinate z. The interpretation is
not always as simple (as we will see when we talk about the rotational invariance of a spherically
symmetric metric futher below in Sec. 2.1), but it is a good example to keep in mind when we get

lost in mathematical details.

One last thing: The Lie derivative of a vector A* along a vector field B* has a special interpretation.

Let us calculate it and see:
LAt = B*(0,A") — (0, B")A® (21)
We can rearrange the terms a bit to emphasize a structure:

LAl = (BYD,) A" — (A°d,)B". (22)

¢

Do you see it? Recalling Eq. (14), it looks like the difference between “vector B acting on A” and
“vector A acting on B,” doesn’t it? Therefore it is antisymmetric under the exchange of A and B.
This structure is so common that we give it a special symbol and name. It is the commutator of

two vector fields:
[A, B]t = LAB* = (A%0,)B" — (B%0,) A" (23)

Why is this equation at the end of the section of isometries? If you have more than one Killing
vector, it is often helpful to calculate the commutator between Killing vectors, to determine their
algebra. This helps to understand the underlying symmetry group. Sure, sometimes it is obvious
if you are in the right coordinate system. But remember that coordinates do not mean anything,
and if you are in a wrong coordinate system, something that is entirely obvious in one coordinate
system may not be obvious at all in the one you are currently using. Commutation relations,
however, are coordinate independent, and hence they are your friend whenever you have a bunch

of Killing vectors you want to understand better. And to drive home that point, we will do that

10



very thing when we talk about spherical symmetry in Sec. 2.1.

1.3 The connection and the covariant derivative

Lie derivatives are nice, but loosely speaking we can only differentiate along vector fields. What if

we want to have a general type of derivative? This is where the covariant derivative comes in.

We use the symbol V, for it, in contrast to the partial derivative d,. The usual problems with
derivatives is that they do not commute with coordinate transformations: they destroy the ho-
mogeneous transformation law (9). For example, while 7%, is a rank-(1,1) tensor, 0,7%, is not a

rank-(1,2) tensor. However, the quantity V, 7%, is a rank-(1,2) tensor, and it is defined as
V.TY, =0T, + 0, T%, — T, T", . (24)

For tensors of different rank, additional terms need to be added. For each upper index, a positive
term is added (like the second one on the right-hand side), and for each lower index, a negative
term is added (like the third term on the right-hand side). The new ingredient in the covariant
derivative is the connection F’\W, which is not a tensor. In order for the above to transform as a

rank-(1,2) tensor, the connection itself has to transform as

oy 0xP ox7 _, oz §?x™

™, — 22 o .
a ox® Oyt Oy¥ pr ¥ Aye Oy+oy

(25)

Note that this transformation law is inhomogeneous! If you want to learn more about this concept,
try to derive the above formula. What is remarkable is that we have not even talked about what

the connection is—all that is required is the inhomogeneous transformation law, and that’s it.

Part of the reason is that a connection is not necessarily unique. We need to impose conditions
on it (or on the covariant derivative) to learn more about it, and to constrain its form a bit more.
Since we are working in a setting with a spacetime metric, a somewhat natural choice is to demand

that the covariant derivative of the metric vanishes,
0=V009vp = 0,900 — T'*vuGap — T ppgva - (26)

Taking the combination V,g,, + V,9,,, — V,g,, = 0 and defining the objects

- 1

F/\l“’ = 59’\‘1 (5ugau + 8Vgo¢u - aozg;w) ) (27)

T;u/)\ = FA}LI/ - F)\Vu ) (28>
1

K/\W ~ 9 (TM’\,, + TVAM + TMV)\) g (29)

11



the connection takes the simple form
A A A
FMV:FuV+K#V' (3())

Here, fAMV is called the the Levi-Civita connection (or, less formally and for historical reasons,
Christoffel symbols), and K*,, is called the contortion tensor, and 7', is the torsion tensor. In
general relativity, this tensor is assumed to be identically zero, and there the connection is identical

to the Levi-Civita connection that is derived only from the metric.

Hence, if the connection is symmetric, the torsion tensor is zero. Note, however, that the converse

is not true! Torsion enters the symmetric part of the connection as follows:

(F)\#V + FAV#) - fAHV + 1 (TuAV + TV/\M) : (31)

M) = 5

N | —

While the contortion tensor K AW is truly a tensor, the Levi-Civita connection fAW transforms

inhomogeneously,

oy 0xP Ox7 =, oyr O~

M, —» 22— - .
a dze oy oy s Oyrdy¥

(32)
For these lecture notes, we will also introduce a notation for the Levi-Civita covariant derivative,
vV, I, =0,T",+ 1", T, —T%,T",. (33)

Why did we discuss all that torsion stuftf? While the metricity condition can be rather easily
motivated on physical grounds, the vanishing-torsion condition of general relativity has less rigorous

physical foundations. In fact, in gauge approaches to gravitation it is assumed to be non-vanishing.

1.4 The curvature tensor

Spacetime curvature can be defined as the commutator of covariant derivatives,
V.V VP =R, VE+ T,V VP (34)

Performing this computation explicitly does not take too long (it’s 5-6 lines) [Do it! © | and we

find the following definition for the curvature tensor R,,*,,

R, =007, — 0,176, +170,1%, —17.,1%,. (35)

12



Contracting various indices of the curvature tensor with the metric, we can then construct the

Ricci tensors R, and the Ricci scalar R via
R, = Ru,", R=g"R.z. (36)

Note that in general R,, # R,,, that is, the Ricci tensor in presence of torsion is asymmetric. It

is also useful to introduce the rank-(0,4) tensor R0 = gpaRuw®s; this tensor has the symmetries
Rul/pa = _Ruupaa R,ul/po = _Ruuaa ) R[;Wpa] =0. (37>

Note that in general R, ., # Rpo (incidentally, this is the reason that the Ricci tensor in presence
of torsion is asymmetric). Moving on to the torsion-free covariant derivative, we may similarly

define the commutator

[V, VVP = R, Ve, (38)

where now of course
Ry’ = 0,075y — 0,17, + TP, 0%, — T, 1%, . (39)
This tensor can also be used to construct a Ricci tensor é,w and Ricci scalar R in a similar fashion,
Ry, = Ro,*y R= gaﬁﬁag. (40)

Now we finally have EW = Rju. This is inherited from the tensor EWW = gpaﬁwaa, which has

the enhanced symmetries

R,ul/pa - _Ruupa 5 R,uz/pa - _R,umfa > R,ul/pa = Rpowl/ > Ru[upcr] =0. (41>

The third relation, sometimes called the “pair-commutation symmetry,” guarantees that the in-
duces Ricci tensors is symmetric. This is exactly what we encounter in general relativity, where

torsion is set to zero.

1.5 The field equations of general relativity

There are many ways to derive the field equations of general relativity. Without going into details
of variational principles in curved spacetime, a rather straightforward way to arrive at the field

equations goes as follows.

13



1. In flat spacetime, energy-momentum is conserved, 0"T,,, = 0. In presence of curved space-

time, we hence expect %“TW =0.

2. If energy-momentum is to cause spacetime curvature, the only thing we can write down that

involves the spacetime metric only up to second derivatives in a coordinate-invariant way is

aRyuy + bR + ¢ gu = d T, . (42)

3. We now impose that ﬁuTW = 0 still holds. This implies that b = —a/2. We can now absorb

a into ¢ and d and find the field equations of general relativity,

1~
R, — §Rg,w +Agy =87GT,, . (43)

Here, we inserted 87G as the correct constant of proportionality, which can be derived in the
weak-field limit via the Poisson equation, and we called ¢/a = A. Black hole solutions are vacuum

solutions, and hence 7', = 0 and A = 0. Taking the trace of (43) gives R = 0 and for this reason

the vacuum field equations are equivalent to
R, =0. (44)

The constant A is called the cosmological constant, since in cosmology it gives rise to the expansion
(or contraction) of the universe. In this lecture we are concerned with so-called asymptotically flat

spacetimes and for this reason we set A = 0.

When reading textbooks on general relativity, we never see so many tildes. This is because I
included the notion of torsion in this first chapter (and will keep doing so until the end of this
chapter) for illustrative purposes. I think it is always helpful to see which results are robust across
a whole range of gravitational theories, and which ones are specific to, say, general relativity.
All that is to say, if you read a general relativity text and you find the field equations listed as
R, — %ng = 81G T, it coincides with what we mean by Eq. (43).

1.6 Killing equation

The Killing equation is simply the statement of an isometry, L¢g,,, = 0. Given a metric g, vector

fields & solving this equation are called Killing vectors. From Eq. (18) we already know that it

14



takes the form

0= Lég;w = ga(aagw) + (augamav + (avga)gua . (45>

However, this is not the usual form we find for it in the literature. Recalling the definition of the

covariant derivative, we can substitute

aaguu = vag,uu + Fﬁ,uagﬁu + Fﬁuaguﬁ ) (46>
auéa = Vuga - Faﬁ,ufg ) (47>
D" = V€% — T, 6 (48)

The Killing equation, after reshuffling and remembering V,g,, = 0 (because of the metricity

condition) and I, — ', = T,,* (because in general, our connection has torsion), becomes
0=Legu = Viulo + Vil + (1% + To%0)€a = Vil + Vi (49)

The last expression is what we usually see in textbooks on general relativity (since therein, torsion
vanishes), and it is also what we will compute in these lecture notes. To actually find Killing
vectors it can be easier to work with the initial form of the Killing equation in terms of the Lie
derivative, Eq. (45), but as we will see shortly, it is quite easy to prove that there are conservation

laws for moving particles when we instead make use of the formulation (49).

1.7 Motion of test particles

Everything that has energy generates gravity, which in turn affects the spacetime geometry. This
means that in general it is impossible to divide a gravitational system into separate parts. However,
if a particle moving in such a system is small and its impact on the system is considered negligible,
we may treat it as a test particle. And when we say “particle” we really mean massive and massless

objects, even though in the context of this lecture we will exclusively work with massive particles.

It is useful to define the trajectory of such a particle as a function z#(7), where 7 is called the

proper time. Then it is possible to compute the particle’s 4-velocity,
ut = — =0k, (50)

We will often use the dot to indicate a derivative with respect to proper time. The 4-velocity u*
is a vector, and we can always find a parametrization that normalizes its length. Massive particles

move on causal, timelike curves (that is, with less than the speed of light) and in our signature

15



convention this means that
guutu” = —1. (51)

We can also define the particle’s 4-momentum p* = mu*, where m is the particle’s rest mass.

Then we have

g;wp'upy = _m2 . (52)

While for extended bodies the relation between 4-velocity and 4-momentum can be more com-
plicated, for particles the difference is solely a rescaling by its mass. For the most part of these

lectures, we will make use of the 4-velocity for simplicity (one less parameter to keep track of).

What we need now is a way to determine the particle’s dynamics. Interestingly, there are several
ways to arrive at an equation of motion for z#(7), and within general relativity those all end up
being equivalent. Geodesics are defined as curves that extremize their proper path length. Within

the variational principle, we can consider the action

Slah(r)] = / dr — / dr /g (53)

The variational principle then gives (after ~ 1 page of algebra) the geodesic equation

d_ + f“ag uo‘uﬁ =0. (54)
T

Notice that here only the Levi-Civita connection f/\uv makes an appearance. This is because the
length of a curve is a purely metric concept, and hence only the part of the connection directly

specified by the metric makes an appearance.

However, it is also possible to define a group of curves by requiring that they parallel transport

their own tangent vector. This gives rise to the autoparallel equation

u*Vaut =0. (55)

And now, the big question: are those equations equivalent? In general, the answer is no. One
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way to see that is to recast the geodesic equation in terms of covariant derivatives. Expanding the

autoparallel equation explicitly, we find

du

0 = u*(Dgu) + uTHgau’ = —— —— + T puu’ = di + T ggutu’ | (56)
T

Where the last equal sign follows simply from the chain rule. We thereby arrive at an alternative

version of the autoparallel equation,

— 4+ sutu’ =0. 57
0 puu (57)
This looks almost identical to Eq. (54), except that this carries the full connection F)‘W instead

of merely the Levi-Civita part fAMV. To capture the difference, we can insert I'* w = A w+ K >‘W

and find

du” = a ﬂ

— + (F“aﬁ + Tauﬁ) wu? =0, (58)
dr

Conversely, we may also impose the torsion-free autoparallel condition u"%“u” = 0. For the

reasons stated above, this implies the geodesic equation directly:

dut  ~

= T Mas uu’ =0. (59)
Okay, so depending on what we stipulate we can have different motion for point particles. This
may sound confusing, but it is really a coincidence that these two notions do coincide in general
relativity. That being said, one may wonder if both equations are compatible with g,su®u” = —1.

Taking the directional derivative of this scalar along the geodesic, one finds

0= u"Va (95,0 u") = u®ggy [(Varu’)u + (Vou)u’] = ugu®(Vau’) (60)

= ugu” <6au5 + Kﬁwu”’> = uﬂuaﬁauﬂ + uo‘uﬂqﬂKam = uwﬂ%auﬁ. (61)

What does all of that mean? No matter if we use the geodesic equation (54) or the autoparallel
equation (55), the expression g,su®u? is always constant along the curve. In other words: we have

found our first constant of motion!

And speaking of constants of motion: since we already mentioned Killing vectors, let’s see how
those can give rise to extra conserved quantities along geodesics! Unlike the previous section, we
will consider first the torsion-free case (since this is the case relevant for the following lectures),

but we will briefly mention afterwards what changes when there is non-vanishing torsion.
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Say we have a vector k* that satisfies the torsion-free Killing equation
Vuk, +V,k,=0. (62)

Next, say that we have a particle that satisfies the geodesic equation which we will write here in

its covariant-derivative form,
uVau' = 0. (63)

Then, the quantity ) = gaﬂuo‘kﬁ is conserved along the geodesic! To prove it, we calculate its

derivative along the curve,
~ ~ ~ ~ 1 ~ ~
WVAQ = WV (gast k) = hot (Vyu®) + u7u’ (V) = 0+ Suu’ (Vo + Vh,) =0, (64)

In the last two equalities we made use of the geodesic equation and the Killing equation. Wonderful,
we have a conserved quantity! Does it also work like this in the case of non-vanishing torsion?
Unfortunately, the answer is no. Killing vectors in the presence of torsion do not give rise to

conserved quantities. However, we can define something similar. Consider the equation
Vuk, +V,k,=0. (65)

This is, most decisively, not a Killing equation. However, it implies that the quantity Q = g.gk“u”
is conserved along autoparallels, which are defined by u*V,u* = 0. The steps to prove this are
identical to the prove above, just without the tildes for decoration. To practice these sort of

calculations, you can try to derive it yourself. [Do it! @ |

So where does this leave us? We have seen that in general relativity, massive particles follow
geodesics or autoparallels—they are the same. Moreover, for each Killing vector we can define a

quantity that is conserved under geodesics or autoparallel motion. This will come in handy.

In settings with spacetime torsion, however, geodesics and autoparallels do not coincide. Moreover,
Killing vectors in such settings do not give rise to conserved quantities. For autoparallel motion,

however, we can define something similar to Killing vectors that leads to conserved quantities.

That being said, nobody stops us from taking the geodesic equation as the fundamental particle
equation of motion regardless of whether there is or isn’t torsion. In that case, we can just take a
Killing vector and show that it leads to a conserved quantity under uaﬁa, that is, under geodesic
motion. What is realized in nature? While most physicists nowadays believe that the geodesic
equation is the correct description, ultimately only Nature will be able to tell us what is realized

in our Universe.
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Chapter 2

(Geodesic motion around the
Schwarzschild black hole

While realistic, astrophysical black holes are time-dependent, spinning entities surrounded by
accreting matter and strong electromagnetic fields, muck about black holes can be learned from
a symmetry-enhanced scenario. Assuming axial symmetry around the axis of rotation, as well as
vacuum, leads to the Kerr black hole. Neglecting the black holes” angular momentum allows one to
focus instead on a static, spherically symmetric configuration. While angular momentum plays an
important role in the astrophysics and gravitational wave properties of black holes, we will neglect

it in these lecture notes for simplicity.

In this Chapter, we will first derive the Schwarzschild metric: an exact, spherically symmetric
vacuum solution of the field equations of general relativity. In fact, the Birkhoff theorem states
that it is the unique solution, labeled merely by the parameter M which denotes the mass of the

black hole. In the limit of M — 0 one recovers flat spacetime of special relativity.

2.1 Spherically symmetric vacuum solution

Let us start with the following parametrization of a static, spherically symmetric metric:

dr?

B(r)

ds® = —A(r)dt* + +r2d6* + r?sin? 0dp? . (66)
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Here we employ spherical coordinates z# = {t,r,0, v}, and in what follows we will abbreviate

A(r) = A and B(r) = B for brevity. The metric components and inverse metric components are

1 .
gt = _Aa Grr = Ea 9oo = 7‘2, Gop = 7‘2 Sln2 07 (67)
1 1 1
tw__ - rro__ 00 _ — oY
The Christoffel symbols are

T A rr BA 7 B’ rr rr :
I‘ttr:ﬂ’ ", = 5 Frr:—ﬁ, g9 = —Br, FW:—BrstQ, 60
) S =0 : . cos (69)
FTHZFMO:;’ [V, = —sinblcos b, Fe”:m'

But why is this a good ansatz to make for what we are after (a static, spherically symmetric vacuum
solution)? By that we don’t mean the specific choice of coordinates, because we can always change
those, but rather the form of the metric. To see why this makes sense, we can check the isometries
of the above metric, and to study the isometries we need to look at the Killing vectors. The Killing

equation takes the form

0= 04k, + 0k, — 2T k. (70)

This equation is a tensorial equation with two indices, and you can show that is symmetric in
exchange of yu <+ v. [Do it! @] The ten components of this equation are given by the following
combination of indices, (uv = tt, tr,t0,tp,rr,r0,re, 00,00, pp):

0 = guOk' — f”ttg,,rkr , (71)
0= GO k" + Orguk® — 29,1 k" (72)
0 = goo0ik” + guOpk' (73)
0 = gp,0ik? + g0 k", (74)
0= 0,90 k" — grI" k", (75)
0 = 0,900k" + GrrOok” — 290gT 7 gk | (76)
0 = 0y Gpok? + GreO k" — 25,01 k7 (77)
0 = g0k’ — gl gok" , (78)
0 = Dpgook? + good k’ — 29,07 6,k7 | (79)
0 = GppOpk? = Grrl" pok” — gooT? oo k¥ . (80)
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Using these equations we can prove that the metric (66) is static, which really just means that
the vector £ = 0, is a Killing vector, which can be verified with the above relations upon inserting
&' = 1 with all other components vanishing. [Do it! ® | The metric is also spherically symmetric,

since it admits the three Killing vectors

p1 = atP? (81>
p2 = sinp 0y + cot § cos p 0, , (82)
p3 = —cospdg + cotfsinpd,, . (83)

These vectors are spacelike, not orthogonal, but span the SO(3) Lie algebra

[,OA, PB] = —€ABCPC ; (84)

with €193 = 1. This can be shown by using the definition of the vector commutator defined in
Sec. 1.2, and it does not take a long time to work it out (about 10 lines in total) [Do it! @ |

Having convinced ourselves that the ansatz (66) is justified for a spherically symmetric static
geometry, we can now insert this metric into the vacuum field equations of general relativity. In
principle it is straightforward to first compute the Christoffel symbols f)‘#,,, and from there the
Riemann tensor E“Vpg and its contractions (Ricci tensor EW and Ricci scalat ﬁ), but in practice
it can be quite cumbersome to do this by hand, especially when you are just taking a class for a

few days and do not want to get overly invested.

For this reason, it is a good idea to use computer algebra. In appendix A you can hence find a list
of download links to MATHEMATICA worksheets that do these computations for you. Since this
lecture is not focused on computer algebra we will not go into excruciating detail, but from the
worksheet you can get a good idea of how to use it—it does not make use of any library and it
is rather easy to add additional functionality, if necessary, if you have previously been exposed to
MATHEMATICA. At any rate, in these lecture notes we will use the worksheet outputs to arrive at

the components of the relevant tensors and quote their results here.
For the above ansatz, one finds the following expressions:

~ 4ABA" — rBA”? + rAA'B' + 2rABA"

Rtt - 47“A ) (85>
~ rBA? —4A’B' —rAA'B' — 2rABA”
RTT - 4TA2_B Y (86>
~ 2A —2AB —rBA' —rAB’

00 = 5 : (87)
R, =sin® ORgy . (88)

21



The combination r(étt + AB éw) gives AB’ — BA' = 0, which implies
A
Z—k 89
B 1, ( )

where k; is a constant. We can absorb this constant into a redefinition of the time coordinate

t — t/+/k; and hence are free to set k; = 1. Substituting this into the §f-component gives
1-A—-rA' =0, (90)
which is solved by
A=1+—, (91)

where ks is a constant of dimension length. All equations are now solved. For ky = 0 we arrive at
flat spacetime, so it is already plausible to assume that ks oc GM, where M is the black hole mass,
since for M — 0 we assume to return to flat spacetime. The Newtonian limit (see in Sec. 2.2) then
fixes the constant of proportionality to a factor of —2 such that ky = —2G M. The result,
2GM
A=B=1- , (92)

r

solves all remaining equations. Calling A(r) = B(r) = f(r) we arrive at the standard form of the

Schwarzschild metric,

2 2GM
}1(:) +72d6? + r?sin®0de?,  f(r)=1- Ci : (93)

ds? = —f(r)dt* +

One can prove that this metric is the unique spherically symmetric and static vacuum solution of

the field equations of general relativity (which is called Birkhoff’s theorem).

2.2 Motion of test particles via the geodesic equation

One might be tempted to start with the Christoffel symbols and write down the equation of motion.
This is possible, since we computed the form of the non-vanishing Christoffel symbols previously.

They are

My ===, ITg9=—fr, frw = —frsin®é, (94)
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cos

I‘QT@ = F‘PWD = ; , FG@@ = —sinfcosb, F@Q@ = m . (95>
Inserting the function f(r) =1 — 2GM/r one finds explicitly
N . GM - 2GM\ GM
'y =-1"=——— I"y=(1- , 96
! r(r—2GM) " < r > r2 (96)
TTp9 =2GM —r, T",, = (2GM —r)sin*0, (97)
- - 1 - _ ~ cos
[ =1%,= - I, =—sinfcosd, I%, = R (98)
The geodesic equation is
0 =1+ 2T, fr, (99)
0 =7+ I"yt? + T7, 02 + T g6 + T7 o p? (100)
0=0+207% 90 +T%,,4%, (101)
0= @4 2T%, 7 + 2T%,00 . (102)

This is an ordinary, second-order partial differential equation, and can be solved numerically rather

easily provided suitable boundary conditions are provided. We can (try to) read off some properties:
e Motion in the equatorial plane (§ = /2,0 = 0) is allowed.

e If ¢ is constant, the equation for i seems to imply unbound motion, since it contains ¥ —@?*r =

0, solved by r ~ exp[£constT]. But it is not clear if ¢ is a constant or not.

e And, very roughly speaking, for Newtonian radial motion we can assume ¢ ~ 1 and 72 < 1
(non-relativistic motion) and r > 2GM (Newtonian gravity is valid), as well as § = ¢ =
0 (radial motion). Under such assumptions, the second equation becomes 7 = T, ~
—GM /r?, which is Newton’s law of gravitation in the radial coordinate. This last step is

very helpful in identifying the integration constant ks of Sec. 2.1.

Of course we can study this equation more on a purely numerical level, but it makes sense to go
beyond that and make use of the conserved quantities we derived earlier. This way, as we will
see shortly, we can reduce the equations of motion to first order and qualitatively discuss bound

particle motion without ever solving differential equations.

2.3 Motion of test particles via the constants of motion

As pointed out, we can do one better. As we may have guessed from the presence of four Killing

vectors, there are four conserved quantities for geodesic motion in the Schwarzschild geometry.
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We can define the following four constants (the minus sign in the first equation is conventional):

2GM\ .
E = —g,u'¢ = (1 - ) b (103)
r
Ly = guutp] = r2sin? 6 o, (104)
Ly = guutpy = +r?sin 306’ + 72 sin 6 cos @ cos 0P, (105)
Ly = guutpy = —r? cos gpé + r%sinf cosfsinp . (106)

The three constants Ly, Ly, and L3 correspond to the three independently conserved components
of angular momentum. However, as we saw in the previous section, due to spherical symmetry we
may consider equatorial orbits without loss of generality. Alternatively, for any given conserved
angular momentum, we may orient the coordinate system in such a way that its axis corresponds
to § = 0. Either way, the motion happens in the § = 7/2 plane at 0 = 0. This then forces the two

constants Lo and L3 to become trivial, and we finally arrive at a set of two constants of motion,

2GM\ .
E:<1— >t, LEL1:T2@, L2:L3:0. (107)
r
But recall that g, p'p” = —1 is of course also a constant of motion—we will get back to that in

a second, since that is the key to arrive at a simpler equation of motion! For now, though, let us
point out that we work here with the 4-velocity instead of the 4-momentum p*. This is OK since
for point particles of mass m we have p* = mu”. It also shows that the physical interpretation
of F is not the energy of the particle, but the energy per rest mass; similarly, L is the angular

momentum per rest mass. Accordingly, F is dimensionless, while L has units of length-squared.

But aside from a rescaling by the rest mass, what are reasonable values for those parameters? A
particle at rest at spatial infinity (r = oo) has a 4-velocity that is proportional to the timelike
Killing vector, u* = (1,0,0,0) which implies that ¢ = 1. This, in turn, implies that £ = 1 for
such a particle. If its radial velocity is non-vanishing, we still have that —1 = —£? + 72 at infinity,
which implies that |r*| > 0 increases the value of ¢ since 2 = 1 + #2. What this means is that F is
bounded from below by 1 for all particles that come from infinity. This makes sense: Restoring the
mass and the speed of light for a second, we know that the energy of a particle (in flat spacetime!)

has to be at least mc?, and E = 1 is precisely that statement.

Okay, now it is finally time to remember that the normalization condition of the 4-velocity of a
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massive particle is also a conserved quantity. Writing

ut = (4(7),r(7),0(7), (7)), (108)
we find explicitly
I :
—1 = g utu’ = —ft* + 7 +720% + r?sin? 0% . (109)

From now on we no longer write ¢(7), 7(7), and so on, but omit the 7-dependence for notational
brevity and just write ¢ and r, and so on, with the implicit assumption that these are all functions

of the proper time 7. As a next step, we substitute the constants of motion from Eq. (107) and
find

g* 0 2pp 2. 2L’
—1:—fﬁ+?+7’8 + 7 sin 97“_4' (110)
Since the Schwarzschild metric is spherically symmetric, we can set § = m/2 without loss of
generality; this also follows from the geodesic equation we discussed earlier. Then, collecting some

common factors and rearranging some terms, the above relation becomes

r

P =B Valr), Vi) = (1-222) (14 5. (1)

As the name suggests, V.g is called the effective potential since it governs the particle motion.
Since it is the potential for a particle with mass 1 (remember? we normalized everything to the
particle’s rest mass m), the effective potential is a dimensionless quantity. Its shape as a function
of radius r depends solely on the angular momentum parameter L and the black hole mass M.
It may seem a bit odd, but Eq. (111)—together with the definition of E and L via Eq. (107)—is
our equation of motion, and it is all we need to describe particle motion inside the Schwarzschild

geometry (for r > 2GM, that is). Okay, but how do we describe particle motion qualitatively?

2.4 Bound orbits for massive particles

To qualitatively describe the orbits, the only think we need to remember is that the left-hand side
of Eq. (111) is positive. This means that Veg(r) < E? is strictly required. When we plot this
graphically, given a particle energy F, we see that the allowed regions of motion for the radial

variable r are those where E? is above the potential line; see also Fig. 1. As it turns out, for very
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large values of E only unbound orbits are possible, whereas other values allow for bound orbits.

For the context of the present lecture, bound orbits are of primary importance. Studying the

effective potential a bit more, it helps to isolate its extrema. We find

L
=T 5aMm

Vi(rs) =0, (L + /I~ 12(GM)2> , (112)
that is, for L > 2¢v/3GM ~ 3.46GM there exist two extrema; the maximum is at » = r_ and the
minimum at 7 = r,. A bound orbit is possible only if the potential has a maximum (in other
words: there is a potential barrier), since otherwise nothing would stop the particle from falling
beyond r = 2G M and never to return outside of the black hole. Such a maximum exists only if
the angular momentum is not too small (since otherwise the black hole always wins). Intuitively,

this makes sense.

However, a large angular momentum is only a necessary requirement. Another necessary require-
ment is £? < 1 since otherwise the particle can escape to r — co. And last, we also need to make
sure that the particle does not plunge into the black hole, hence E? < Vig(r_). Collecting these

conditions, we find

2[4(GM)? — L(L — \/L? — 12(GM)?))?

L>2V3GM, E?’<1, E?><Vg(r.)=
alr-) L(L — \/I% — 12(GM)2)3

(113)

This last condition is what we are after: given the initial values of £ and L we can now check

easily if they correspond to a bound orbit or not.
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Figure 1: Effective potential Vig(r) as a function of dimensionless distance r/(GM) for the
Schwarzschild metric, for different angular momenta L. The dashed line corresponds to the asymp-
totic value of Vig(r — o0). Bound orbits only exist if (i) there is a potential maximum (to create
an inner turning point), (ii) the quantity £? < 1 (to avoid particles to escape to r = oc), and (iii)
the quantity E? is less than the potential maximum (to avoid plunging orbits).
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Chapter 3
Gravitational waves: basic notions

The difficulty inherent to general relativity (and modified gravity theories) lies in the non-linearity
of the field equations, making it rather difficult to construct exact solutions. Basically, it is difficult
to define isolated parts of the gravitational system, since everything couples to everything. A
gravitational wave deforms a black hole, which responds by tidal deformation, emitting other

gravitational waves, and so on.

So what can we do? There are many different approaches, including numerical relativity and
systematic perturbation theory. Since in these lectures we care about leading-order effects in
binary systems with a large mass ratio, we will focus on the perturbative approach. What’s more,
we will consider linearized gravity around flat spacetime. This is seemingly unjustified, since the
gravitational field in the vicinity of black holes can become rather large, and gravitational waves
can scatter off of spacetime curvature, but this method still captures the leading-order effects. For
example, the orbital decay in the Hulse-Taylor pulsar (which consists of two neutron stars orbiting
each other at a large distance) can be correctly described, within a few percent, with formulas that
we will derive in this section. The discussion in Sec. 3.2 is partly based on Chs. 17 & 18 of the
excellent book by Hobson et al. [3].

3.1 Lightning review of linearized gravity

To begin with, we split spacetime into that flat background 7, and a gravitational perturbation

hyw = hy, that is assumed very small, 2kh,, < 1, such that

uv

Juv = M + 2K'h;w . (114)

28



Here, the factor k = v/87G is conventional and inserted so that the field h,. has dimensions of
energy (in units where A = ¢ = 1). The field h,, (or, rather, its two massless modes of spin 2)
is called the graviton, when the theory is quantized. Here we will perform classical field theory,
but we can still think of h,, as the gravitational ripples in spacetime (modulo gauge-dependent

expressions—we will get back to that later).

What we can do now is expand everything in terms of £ and only keep leading-order terms. The
theory we then arrive at is called linearized gravity, and we can then use the method of Green
functions and partial differential equations in flat spacetime to compute the gravitational wave

signatures stemming from the motion of particles.

To first order in k, the inverse metric then is
g =" — 2kh" 4+ O(K?), (115)

where we raise and lower indices on h,, with n* and 7,,, respectively. For example, in a slight

abuse of notation, we denote h% = 1,,h**. The determinant of the metric is expanded as
V=g =1+rh+0(x%), (116)
where we defined h, the trace of the metric perturbation, as follows:
h=n"h, . (117)

Next, to obtain the field equations of linearized gravity, we need to expand the Christoffel symbols

and the curvature tensors. To first order, the Christoffel symbols then take the form
I, = k(Ouh) + 0,1 — O hy) + O(K) . (118)
This then gives rise to the Ricci tensor and scalar, which, to first order, turn out to be

R, = —k (Qhu + 0,0,h — 0,0%hay, — 0,0%hyq) (119)
R = —2k(0h — 8"0"h,,) + O(K?) . (120)

The left-hand side of the field equations then are

1
R, — éRnW = K (—Ohy — 0,0,k + 0,0%hay + 0,0%hay + Ol — 1w0°0°heg) . (121)
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Now, without going into too much detail, the field &, is only unique up to a gauge transformation,
Py = hy + 0pe, + Opey, (122)

where 2ke* < 1 is an infinitesimal vector field. This gauge invariance is what survives from the
diffeomorphism invariance of general relativity in the linearized limit. This is not too surprising,
and you may actually already know something like this from electromagnetism, wherein the gauge
field A, has a gauge invariance A, — A, + 0,w for some function w. Since the “graviton” is also
a gauge boson (much like the “photon” A,), this similarity of structures is to be expected and

should not come as a total surprise.

However, the physics should not depend on the gauge! That is, if we use h,, to do our computa-
tions, or hy, + 0.6, + O,€,, the end result should not depend on it. What is the end result? One
observable in the gravitational field is the curvature (that is, the tidal force between two points).
The curvature should be gauge-independent. And, since the Lagrangian of general relativity is a
scalar made up of a curvature invariant, the Lagrangian itself as well as the field equations should

also be gauge-invariant. (In analogy to electromagnetism, where the “curvature” is F,,, the elec-

n2
tromagnetic field strength, which is also gauge-invariant.) For example, you can check that R,

and R are, in fact, gauge-invariant. [Do it! @ ]

Now, what to do with the gauge invariance? To do calculations in the real world, it is helpful to
fix the gauge. To that end, we can demand some condition on the hy,,’s to hold, similar to the
good old Lorenz gauge in electromagnetism (remember, when we demanded that, for example,
0"A, = 0). Similarly, we demand that

"Ny = N0, I (123)

One can show [Do it! @] that there exists a gauge transformation €, that guarantees this
transformation, provided X\ # 1. If we take the above relation, and insert it into the field equations,

we end up with

1 -2\

1 X -
RMV — §Rnuy = K _DhMV —+ 1——/\(1

(nwui} _ auayh)] . (124)

From here, it is convenient to set A = 1/2. In that gauge, the field equations of linearized general

relativity take the form
L A 1
Ohyw = =KL, G = Ny +26Ry . hyy = hyy — 5}”7#1/7 k= V&TG. (125)
In the textbook literature on linearized general relativity we often find a slightly different form,
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related to a different parametrization of the gravitational field perturbation, in which case

., . 1
Ohu = =26"Tw s G = v + Py By = Iy — §hnw, Kk =V8rG. (126)

Note that here is no factor of 2« in the metric perturbation. Since this formulation is more common

for the following considerations, we shall adopt that convention in what follows.

Okay, now that we have the gauge-fixed field equation, we need to find the solution. Luckily, this
differential equation is rather straightforward since it utilizes the flat spacetime wave operator
O = —02 + V2. This differential equation can be solved by the Green function method. A Green

function G(z,y) is a function that satisfies
OG(z, ") = 6W(z — 2'). (127)

Once this function is found, the general solution to (126) is given by

~

o () = ﬁgu(x)-—»2m2u/nd4x'(?(r,1/yTﬁy(xﬁ. (128)

Here, fzgy(az) is a homogeneous solution, that is, Dﬁow = 0, and it can be used to implement the
boundary conditions. In our case it can be set to zero. Since flat spacetime is translation invariant,
the function G(z,y) needs to be a function of the distance between two points, G(z, z') = G(x—2').
Its form can be derived by various methods, and it takes the form [3]

Glo—a) = — 00 (¢ =1 = 7= ) 6t 1), (129)

C An|E -7

Inserting (129) into our solution (128) we find

. 1 1
By (2) = — UiS At [ o' ———— 5 (t—t = |Z—2'|) 0t — ') T, (2)
H 4 4 12
T |z — | (130)
1
:—4G/d3$/_,—__\/Tuy(t—|f—f/|,f/).
|7 — |

The expression t — |7 — &'| is called retarded time and represents the fact that physical field
propagate with the speed of light in flat spacetime. It is possible to show that the above form

indeed satisfies the Lorenz gauge 8‘%““ = 0, making use of 0"T,, = 0.
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3.2 The quadrupole formula

Next, let us sketch the idea how to derive the well-known quadrupole formula. This part will
be omitting a few details here and there, since the derivation takes some detailed algebra, but I

encourage you to look it up in the literature; Ch. 17.8 in [3] has a detailed derivation.

To begin with, notice that the above expression can be further simplified if we only care about the
field far away from the source, that is, |Z| > |#’|. To leading order in such a multipole expansion,
we find

- 4G

B () ~ — ' T, —|7—7'|,7"). (131)

[E]

And last, if the particles sourcing the gravitational field move slowly compared to the speed of
light (and that is typically justified in the EMRI scenario) then we can neglect retardation effects

and approximate t — | — &'| & t — |Z| to obtain

- 4G
hlU/(x) ~ - | |

If we now switch to a coordinate system that is tied to the center of mass, we can derive [3]

d®2' T, — |7, 7). (132)

hy =0, (133)

where M, = f d32’ T}, is the the total mass in that coordinate system, and f d32' T,; = 0 because

we are in the center of mass frame. The purely spatial part reads as before,

- 4G

hij(x) = — d*a' Tyt — |7, 7). (134)

[E]

There is a useful identity for integrals over the energy-momentum tensor going back to von Laue,

1 0?
/d3x’T (&) = 5 572 /d%’ﬂt(t',f’)x;x;, t=t—|7. (135)

This can be proved by employing 9*T,,, = 0, re-expressing 0'9'T; via 97Ty, and integrating by
parts repeatedly. This then implies

A 2G 0?
hij(z) = BERE

/ Az’ Ty (t', ). (136)
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Defining the quadrupole moment
Qi) = /d3x’ Ty(t', " )xa) (137)

the above can be conveniently summarized in the quadrupole formula

2G PQy(1)
] de

>

' =t—|

Next, we will use this formula to learn about gravitational wave emission from point particles.

3.3 Gravitational wave radiation from point particles

For slowly moving point particles we can approximate T (¢, Z) = p(t,Z). Denoting the particle

trajectory by x*(7), the energy density is given by

p(t, ) = m o (7 — #(r(t))). (139)

Note that we are employing the implicit function 7(¢) that gives the proper time as a function of
coordinate time t. This is required since we will be interested in describing the events as witnessed
by a distant observer. At the technical level, this function can usually be found easily. Inserting

the above into the quadrupole moment the integration cancels and we are left with
QY(t) = ma'(r(t)a! (1(t)). (140)

At this point we have to import some knowledge from the textbook literature [3]. Essentially, it
is possible to define a quasilocal energy density for gravitational waves at the quadratic order in
perturbation theory. This quantity is averaged over a small spacetime volume (hence quasilocal),
and this is required to make this quantity gauge invariant. Second, gravitational wave emission
is usually described in the transverse-traceless gauge (called TT-gauge), where the gravitational
perturbation is denoted by HEVT . Note that this is a special subcase of the Lorenz gauge. Since

this object is traceless, it is useful to define the traceless quadrupole moment

1
Ii; = Qij — gQabnabnzj . (141)
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For a point particle this implies

190 = m (70} (7))~ gm0 (142)

Using this quantity, one can derive that the emitted energy & and angular momentum % is

d(g) G ijmn "
P (1" (15" (1)) (143)
d(f _ _?ezjknkm <Ijl”(t)lkmm(t)> ’ (144)

where the primes denote differentiation with respect to coordinate time ¢, and the angular brackets
denote the averaging process. We have not shown this, and this result falls “from the sky” at this
point in the lecture. If you want to learn how to do this, we would need to spend a few more days

deriving things.
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Chapter 4

Extreme-mass ratio inspirals

4.1 Application: Schwarzschild inspiral orbits

The Schwarzschild geodesic equation (99), reduced to the equatorial plane and supplemented by

the conserved quantities £ and L, is

.. -, K
0=1%+ 2FttT77*, (145)
N E2 5 ~ L2
O0=r + Prttﬁ + Frrrrﬂ + Frgpapr_4 ) (146)
R/
0=¢+2T el 3 (147)

In order to implement the gravitational wave backreaction, we now stipulate

dE y

S IOL ), (148)
dL* dL 2G

1 = E ~ _?(]i//(t)llyf///@) . ]%//(t)]l;///@)) , (149)

that is, we assumed that all energy and angular momentum loss of the binary system is felt, at
leading order, by the orbiting particle; moreover, we omitted the averaging process since the orbit
is slowly evolving. Next, we need to convert the time derivatives to derivatives with respect to

proper time 7 using

@ (150)
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which needs to be inserted repeatedly to arrive at the second and third time derivative. One finds

v

A

" w wt

S (151)
Vi T T

where 1 = 9(7) is a function of proper time. Explicitly, the whole system then reads

.. .-, F
0=1%+ 2FttT7f, (152)
B E2 B ) N 2
0 =T —|— FrttF ‘I— FTTTT + FTSOSOF 5 (153)
. ome L
0=¢+20%,0—, (154)
L Gi (1 i i [Ty iy g
E:—?<i3—3t.4 —4254)(253—3754 —4 ) (155)
AN N AN R

where now all quantities, including F and L, are 7-dependent. Last, we need to parametrize the

quadrupole moments. This follows from the flat-spacetime coordinate identification

T =7rcosy, y=rsing, (157)
and results in
cos?p  cospsing 0
Q7 (t) =mr® | cospsing  sinlp 0|, Q=Q"ny;=pur*, (158)
0 0 0
cos? p — % cospsing 0
I7(t) = mr? | cospsing sin® ¢ — 0 (159)

1
0 0 -3
In the above, m is the mass of the orbiting black hole. Note that in units where GM = 1, we
can write Gm = uGM, where p = m/M is the mass ratio. Hence, all radiation corrections are
suppressed by a factor of y>—another indication of the slow timescale of orbital evolution. The
above system can now be numerically integrated, and the corresponding Mathematica sheet can

be found in appendix A. While this derivation is rather qualitative at this level, it is possible to
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verify that this corresponds to proper motion inside the now time-dependent effective potential,
and indeed leads to a slow orbital decay. In the next revision of the lecture notes, snapshots for a

few cases will be added for illustration.

4.2 Estimating gravitational waveforms

Now that we have obtained the inspiral orbit, we can use the quadrupole formula (138) to determine

the gravitational wave signal,

2G d*Qy(t')

hij(t, x) = — T (138)

t=t—||

While for the emitted energy and angular momentum of gravitational radiation an averaging
procedure () was required, the detection of gravitational wave signals is strictly position-dependent.

This means that in what follows, the spatial dependence remains important.

The propagation and polarization of gravitational waves is most conveniently described in the
so-called transverse-traceless gauge (or TT gauge for short), which we already mentioned before

in passing. The TT gauge is a subclass of the Lorenz gauge, in which we defined

. 1 .
Py = By — §h77w,, 0"hy, = 0. (160)

Further, recall that the gauge transformation of the perturbation h,,, is
P = Py + O + Oy (161)
which for the trace-reversed perturbation iLW implies
By = Iy + 060 + 06y — (D) (162)

Provided D¢, = 0, this gauge-transformed expression still solves the same field equations. The

metric perturbation within transverse-traceless gauge is denoted as hEVT , and it is defined by

hit =0, n””hEVT =0, (163)

and these conditions are implemented via an €” that satisfies additionally Oe* = 0. Since the trace

vanishes, we may also consider its trace-reversed perturbation, since they coincide:

7TT TT
JTT = BT (164)
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Last, note that the Lorenz gauge condition 8“fALEVT = 0 implies
ORET =0. (165)

In the case of time-dependent sources (which is what we are considering) it hence implies that
BtTtT = 0. Let us introduce a spatial projection tensor in the direction of the normalized spatial

vector n' via
P, =6, —n'n;. (166)
Using this tensor we can construct the transverse-traveless perturbation via

| .
T = (PR - 3R (167

Adapting an orthogonal spherical reference frame spanned by the 3 unit vectors {e,, eo, €4} with

the vector n in Cartesian coordinates taking the form

n' = (sin © cos ®, sin O sin ®, cos O), (168)
one finds in the TT gauge [!]
. 0 0 0
hy' = 510 hee — hao 2hoo : (169)

0 2heos hes — heo

where the projected coefficients are obtained via coordinate transformation to the spherical system,

IAzQG = cos? @(izm cos® & + ﬁxy sin 20 + ﬁyy sin? @) + h., sin® © — sin 20 (ﬁm cosd + ﬁyz sin @) ,
- 1. A 1- . .
hes = cOS @( — §hm sin2® + hy,, cos 20 + §hyy sin 2<I>) + sin @(hxz sin ® — h,, cos <I>) , (170)

iLq@ = iLm sin? ® — fAzxy sin 2® + ﬁyy cos® @ .

In this notation, the two gravitational wave polarizations are given by

—_

hy == (hoo — hos) ,  hx = heo . (171)

2
In principle, we can now evaluate the two polarizations and plot them as a function of time, given

the observation point specified by (r,©,®). While this sounds straightforward, the numerical

difficulty lies again in converting between coordinate time ¢ (which is used in the quadrupole
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formula) and the proper time 7 (used for the description of the orbit).

While the T'T gauge does give rise to physical quantities related to the polarization properties of
the gravitational wave, they are not gauge invariant. For this reason it is sometimes desirable to
study instead a proper gauge-invariant expression derived purely from the curvature tensors. Since
in our scenario we (in principle, before we started simplifying) are considering a vacuum solution,
a natural object to consider is the Weyl tensor

1

Cuvpo = Ruvpe — (nu[pRG]V - WV[pRU]H) + 3

Rn,u[pno}z/ . (172>

At the level of components, one finds

1 /. .
1 (h@e - h<D<I>> = —Cioto = —Ciore = —Crore = —Ciare = +Crare = +Ciore = +Crara
1.
§h6<1> = —Ciots = —Crore = +Ci0r0 = +Cro10 - (173)

At the same time, it is customary to adopt what is called a complex null tetrad spanned by the four
vectors {¢*, n*, m*, m*}, where m* is the complex conjugate of m#. This goes back to Newman

and Penrose. All of these vectors are null, and a possible choice for flat spacetime is

1 1 1 )
E:E(eﬁ—er% nzﬁ(et—er), m:%(e@—i—ze@), (174)

where ¢, €., eg, and eg are the unit normal vectors in each coordinate direction. Expressed by

the components of these vectors, the metric of flat spacetime is
Gy = —Lyny, — nyly, +mym, +m,m, . (175)

We can read off the non-vanishing overlaps ¢-n = —1, m-m = 1 with the rest vanishing. Now, the
Weyl tensor has 10 independent components, which in this formalism are captured by 5 complex
Weyl Newman—Penrose scalars. For outgoing gravitational waves, the Weyl scalar W, is a useful

quantity. It is defined as

Uy = Copen™mnim®. (176)
In our case, it takes the form
d* 1 , 1 d? _
U, = iz |2 (hee — haa) + thes | = Sde (hs +ih) (177)

Essentially, it is the second derivative of the metric perturbation, whose real part is given by
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plus-polarization, and whose imaginary part is proportional to the cross-polarization. Especially
in numerical relativity, ¥, is a quantity often studied at large spatial distances, and it is hence
a good candidate to connect the method described in these lecture notes to the work of other

disciplines in gravitational wave physics.

4.3 Schwarzschild gravitational waveforms

Having determined the inspiral orbits, we can now feed this into the machine we developed. We
first start with the quadrupole moment @Q;;(t — |Z|) and differentiate it twice with respect to
coordinate time via (151) and plug this into the quadrupole formula (138). Fixing an observation
point {r,©, ®}, we then compute the components in the corresponding transverse-traceless gauge.
Finally, we reorganize the components into the two polarization modes, and then we evaluate the

expressions numerically.

For one data point, the current MATHEMATICA implementation takes around 100 milliseconds,
which is not very fast. Given that in units of GM = 1 and g = 0.01 we needed to wait until
T~ 150, 000 to see any significant inspiral, using a time spacing of 0.1 would then imply an overall
evaluation time of around 42 hours (for each polarization). Clearly, this needs to be optimized. To
compromise, for the purpose of this lecture, we focus on a smaller window of gravitational wave
signals from 7 = 10...1000 which takes the computation time down to around 15 minutes per

polarization; see Fig. 2 for a plot of the two polarizations.
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Chapter 5

Detecting deviations from General

Relativity

One of the motivations of considering EMRIs lies in the fact that in principle they allow for long-
term observations, allowing even for small deviations from general relativity to accumulate over
time. In this final chapter we hence want to motivate how such a deviation could look like. While
initially the plan was to focus on a black hole with torsion (hence the torsion-ful introduction to
differential geometry) there is not enough time to develop this properly for the remainder of the
lecture (even though in the future, when these lecture notes are extended and may be offered as a
regular graduate-level course, this may change). As a compromise, let us consider instead another

static black hole solution encountered in general relativity: the Reissner-Nordstrom solution.

This solution is the gravitational field of a point charge. If the charge parameter vanishes, one
again recovers the Schwarzschild metric. Astrophysically, these solutions are not realistic, since no
macroscopic object would carry a large electric charge. However, in the age of dark matter searches
let us entertain the possibility that the black hole instead carries a charge of some dark vector
boson A,,. For the sake of this lecture, the feasibility of this scenario is not of primary importance—
rather, it gives us a mathematically straightforward starting point, without too many changes, to

track the influence of a new quantity on the physics of EMRIs.

The Einstein—-Maxwell system is given by

1
By = 5 R = 87GT (178)
a 1 a
T;w = FuaFV - ZFaﬂF /Bguua (179)

1

x/—_gﬁﬂ (V=gF*") =0, (180)
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OuFyp+ 0y F py+0,F 0 = 0. (181)

Here, F',, = 0,A, — 0, A, is the field strength tensor, and A, is the potential. The following

metric and potential are an exact solution, called the Reissner-Nordstrom metric.

2 2GM 2
U 2qg 2 sin?odg?,  fr) —1- 2G4

ds® = g, dz*dz” = —f(r)dt® + =,
g f(r) o (182)

A=At = gdt.

Alternatively, if the “dark charge” is not too convincing, we may think of the line element as the

source of a magnetic monopole charge p as follows [1]:

2 2GM 2
dL+r2d02+r251n29dg02, f(ry=1- G + 2

ds? = gudatdz” = —f(r de? + ;
: ) f(r) ro 27 (183)

A= A,dx" = pcos0df .

Remarkably, the metric has the same form (under the substitution g <+ p). In either case, no-
tice that this geometry is still time-independent and spherically symmetric, and hence has the
same Killing vectors as the Schwarzschild metric. We can even use the identical formula for the

Christoffel symbols (69). We find the following effective potential and constants of motion:

2GM ¢ L? 0GM @) .
Veff:(l—G +q><1+—2), E:(l—G +q—2)t, L=r*¢.  (184)
r T

r r2 r

A detailed analytical analysis of this effective potential is more involved due to the quartic nature
of the involved polynomials—for this reason we will not develop this further, but rather assume
that for small values of the charge parameter ¢ the far-distance dynamics are essentially identical
to the case of ¢ = 0. In particular, we impose identical boundary conditions for the motion of the

secondary.

For our numerical code, we choose ¢ = 0.01GM for an initial radial distance of ry = 20GM,
corresponding to a change in the metric of order (0.01/20)% ~ 3 x 107" at the initial location of
the secondary. The resulting gravitational waveforms for the time period of t = 0...50GM can

be seen in Figs. 3 and 4. Their difference is plotted in Fig. 5.
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Figure 3: System parameters: {u,ro, £, L} = {1072, 20G M, 0.97,3.96GM }. Observation parame-
ters: {r,0,®} = {10000GM,0,0}. Observation duration: ¢ = 10...1000GM. Blue: + polariza-

tion, orange: X polarization.
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Figure 4: System parameters: {u, 70, £, L,q} = {1072,20GM,0.97,3.96GM,10"2GM}. Observa-
tion parameters: {r, 0, ®} = {10000GM,0,0}. Observation duration: ¢ = 10...1000GM. Blue:
+ polarization, orange: X polarization.
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Figure 5: Difference of the two waveforms plotted in Figs. 3 and 4. The large degree of periodicity
with almost equal frequency, but the much lower strain amplitude (a factor of ~ 80) suggests that
the main difference is a small dephasing between the waveforms.

Conclusions

We have arrived at our goal: a MATHEMATICA sheet that computes the gravitational waveforms
for an inspiral orbit, using the quadrupole formula for energy and angular momentum emission
as an approximation—and you can download all sheets via the links in appendix A. Change some

parameters, add retardation effects, model the self force, and see what happens!

Of course this is not the end of the story: we made several simplifications, and, most notably,
we neglected important effects, such as gravitational self force. Nevertheless, as a zeroth order

approximation it is still surprising that the results are qualitatively physically accurate.

I hope that this lecture (or these lecture notes) have inspired you to learn more about this fasci-
nating and timely topic. Gravitational waves are a new medium that Nature has gifted us to learn
more about our Universe—in a hundred years from now, will we look at gravitational waves the

similarly as we look at electromagnetic waves today? Only time will tell.
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Appendix A

List of Mathematica code

Course website: http://www.spintwo.net/Courses/EMRI-101/

MATHEMATICA notebooks:

CI.

C2.

C3.

C4.

Cb.

C6.

CT7.

Static & spherically symmetric Killing vectors
http://www.spintwo.net /Courses/EMRI-101/emri-101-c1-killing-vectors-v1.nb

Schwarzschild metric: check of field equations
http://www.spintwo.net/Courses/EMRI-101/emri-101-c2-schwarzschild-derivation-v1.nb

Schwarzschild metric: geodesic motion
http://www.spintwo.net/Courses/EMRI-101/emri-101-c¢3-schwarzschild-geodesics-v1.nb

Schwarzschild metric: inspiral orbits

http://www.spintwo.net/Courses/ EMRI-101 /emri-101-c4-schwarzschild-inspirals-v1.nb

Schwarzschild metric: gravitational waveforms

http://www.spintwo.net/Courses/EMRI-101 /emri-101-c5-schwarzschild-waveforms-v1.nb

Reissner-Nordstrom metric: gravitational waveforms

http://www.spintwo.net/Courses/EMRI-101/emri-101-c6-reissner-nordstroem-waveforms-v1.nb

Comparison of waveforms

http://www.spintwo.net/Courses/EMRI-101/emri-101-c7-comparison-v1.nb
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emri-101-c1-killing-vectors-v1.nb
emri-101-c2-schwarzschild-derivation-v1.nb
emri-101-c3-schwarzschild-geodesics-v1.nb
emri-101-c4-schwarzschild-inspirals-v1.nb
emri-101-c5-schwarzschild-waveforms-v1.nb
emri-101-c6-reissner-nordstroem-waveforms-v1.nb
emri-101-c7-comparison-v1.nb

Appendix B

List of abbreviations and symbols

EMRI

T
=

extreme mass-ratio inspiral

definition

primary black hole mass (the big, central one)

secondary black hole mass (the small one that is inspiralling)

mass ratio y = m/M < 1

Einstein’s gravitational constant, where GG is Newton’s gravitational constant
symmetrization of indices, T(,,) = %(TW +T,,)

antisymmetrization of indices, T'f,,) = %(TW -T,,)
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